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Abstract
The n-th product level of a skew–ﬁeldD, psn(D), is a generalization of the n-th level of a ﬁeld F ,
sn(F ). An explicit bound for s2m(F) in terms ofm and s2(F ) is known and it is also known that there
is no such bound for ps2m(D) when m is even. Our aim is to explicitly construct such a bound for
odd m. More precisely, we construct a function f :N3 → N, such that ps2k l (D)f (ps2k (D), k, l),
for every integer k, every odd integer l and every skew–ﬁeld D.
We give an explicit bound for the n-th Pythagorean number of a simple extension Q(d)/Q in
Section 2 and prove a noncommutative version of Hilbert identities in Section 3. These two results
are used in Section 4 in the proof of our main result. In section 5, we show that the n-th product level
of an Ore domain is equal to the n-th product level of its skew ﬁeld of fractions.
© 2004 Elsevier B.V. All rights reserved.
MSC: Primary: 12E15; 16U80; 16U20
1. Introduction
The nth level of a ﬁeld F was deﬁned by Joly [7] as
sn(F )=min
{
t
∣∣∣∣∣−1 ∈
t∑
i=1
Fn
}
,
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where the convention min ∅ = ∞ is used. He also proved that there exists a function
u:N × N → N such that s2m(F )u(s2(F ), 2m) for every ﬁeld F and every m ∈ N.
In particular, if s2(F ) is ﬁnite then s2m(F ) is ﬁnite for every m ∈ N.
In [5], Cimpricˇ deﬁned the nth product level of a skew ﬁeld D as
psn(D)=min
{
t
∣∣∣∣∣−1 ∈
t∑
i=1
∏
n
(D×)
}
,
where D× is the multiplicative group of D and
∏
n(D
×) is the subgroup of D× generated
by all n-powers and all commutators of elements from D×. He showed that if ps2k (D) is
ﬁnite for some k then ps2k l(D) is ﬁnite for every odd l. He also gave an example that this
can fail for even l. The aim of this paper is to construct a function f :N ×N ×N → N
such that ps2k l(D)f (ps2k (D), k, l) for every skew ﬁeld D, every k and every odd l. In
Section 5 we extend our result to Ore domains.
2. A bound on higher Pythagoras numbers
The construction of Joly’s function u is based on the following result ofHilbert from1909:
For every r, n ∈ N there exist i ∈ Q+
(
1 iL(r, n) where L(r, n) :=
(
n+2r−1
n−1
))
and
aij ∈ Z (1 iL(r, n), 1jn) such that
(x21 + · · · + x2n)r =
L(r,n)∑
i=1
i (ai1x1 + · · · + ainxn)2r .
Hilbert used this result to prove that the Waring numbers G(n) are ﬁnite. If F is a ﬁeld of
characteristic 0 with t := s2(F )<∞, then there exist a1, . . . , at ∈ F such that−1= a21 +· · · + a2t . Every element b ∈ F can be written as a sum of t + 1 squares:
b =
(
1+ b
2
)2
−
(
1− b
2
)2
=
(
1+ b
2
)2
+ (a21 + . . .+ a2t )
(
1− b
2
)2
.
It follows, that for any odd l we have
−1= (−1)l = (a21 + · · · + a2t )l =
L(l,t)∑
j1=1
j1b
2l
j1
=
L(l,t)∑
j1=1
j1(c
2
j1,1 + · · · + c2j1,t+1)2l =
L(2l,t+1)∑
j2=1
L(l,t)∑
j1=1
j1j2b
4l
j1j2
= · · · =
L(2k−1l,t+1)∑
jk=1
· · ·
L(2l,t+1)∑
j2=1
L(l,t)∑
j1=1
j1j2···jk b2
k l
j1j2···jk .
Therefore s2k l(F )G(2kl)L(l, t)L(2l, t + 1) . . . L(2k−1l, t + 1) =: u(t, 2kl).
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Let pn(K) denote the nth Pythagoras number of a commutative ﬁeld K. The following
bound will be used in the sequel.
Lemma 2.1. For every even m and every ﬁeld extensionQ(d)/Q
pm(Q(d))am, am := G(m)max
{
25
(
m+ 7
5
)
, (m+ 1)u(4,m)
}
.
Proof. We must distinguish three cases:
Case 1: If d is transcendent over Q, then Q(d)Q(x). We say that a valuation ring R
is real if its residue ﬁeld is formally real. Let
∑
Kn denote the set of all ﬁnite sums of nth
powers in a ﬁeld K. Recall the deﬁnition of the real holomorphy ring H(K) of a formally
real ﬁeld K (see [1] and [3] for more details):
H(K) :=
⋂
R is a real
valuation ring
in K
R =
{
a ∈ K
∣∣∣ r ± a ∈∑K2 for some r ∈ Q+} .
Let us denote
(K) := inf{r ∈ N| each ﬁnitely generated fractional H(K)-ideal
can be generated by r elements},
then by Becker [2, Proposition 2.11] (see also Schmid [11])
(K)p2n(K) for all n ∈ N. (2.1)
Let L∗K(r, n, b) be the smallest l ∈ N such that(
r∑
i=1
x2i
)n
+ bx21
(
r∑
i=1
x2i
)n−1
=
l∑
j=1
j qj (x1, . . . , xr )
2n,
where b,j ∈ Q+, qj ∈ Q(x1, . . . , xr ), and L∗(r, n) := min{L∗K(r, n, b)| b ∈ Q×+} as in
[2]. From [9] we have p2(Q(X)) = 5. From [2, Theorem 2.12] follows pm(Q(X))p2
(Q(X))L∗(p2(Q(X))+ 1,m/2)G(m)(Q(X)). Using (2.1) the upper bound transforms
into pm(Q(x))25L∗(6,m/2)G(m). By Becker [2, Theorem 2.6] we get L∗(6,m/2)
L∗(6,m/2,m)= (m+75 ), so the upper bound becomes
pm(Q(x))25
(
m+ 7
5
)
G(m).
Case 2: If d is algebraic overQ andQ(d) is formally real, then from [2, Theorem 2.12,
2, Theorem 2.6] and (2.1) follows
pm(Q(d))p2(Q(d))2
(
m+ p2(Q(d))+ 2
p2(Q(d))
)
G(m).
The value of p2(Q(d)) is either 3 or 4 (see [8, Chapter 7, Examples 1.4 (3)]), therefore
pm(Q(d))16max
{(
m+ x + 2
x
)∣∣∣∣ x = 3, 4
}
G(m).
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Case 3: If d is algebraic over Q and Q(d) is not formally real, then [1, Proposition
2.8] implies that pm(Q(d))(m + 1)G(m)sm(Q(d)). Hence pm(Q(d))(m + 1)G(m)
u(s2(Q(d)),m). From [8, Chapter 3, Examples 1.2(7)] [10, Theorem 18.3] it follows that
s2(Q(d)) ∈ {1, 2, 4}, so
pm(Q(d))(m+ 1)G(m)max{u(x,m)| x = 1, 2, 4}.
We deﬁne am as the maximum of these three upper bounds. 
3. Identities
We need certain identities for the elements of the form (1 + d)l in the ﬁeld extension
Q(d)/Q.
Proposition 3.1. For every odd number l, every number n = 2k and every ﬁeld extension
Q(d)/Q there exist g0, . . . , gn−1 ∈ ∑(Q(d))nl such that (1 + d)l can be written in the
form
(1+ d)l = g0 + g1dl + · · · + gn−1d(n−1)l . (3.1)
Proof. Fix a ﬁeld extensionQ(d)/Q. For every j = 0, . . . , k − 1 write
Pj =


2k−j−1∑
=0
f · (−(1+ d)2j l)|f =
2k−1∑
=0
pd
l; pij ∈
∑
Q(d)2
k l

 .
We claim that −1 ∈ Pj for every j = 0, . . . , k − 1. If this is not true, then −1 /∈Pj
for some j. Hence, Pj is a preorder of exponent 2kl, so by Becker [1, Lemma 1.3] and
[1, Satz 2.17], there exists an ordering P ′j with exponent 2kl containing Pj . By Walter
[12, 1.5.2 Theorem], the set P ′′j = {z ∈ Q(d)|zl ∈ P ′j } is an ordering with exponent 2k .
Since dl ∈ Pj and −(1 + d)2j l ∈ Pj , we have that d ∈ P ′′j and −(1 + d)2
j ∈ P ′′j , which
implies a contradiction −1 ∈ P ′′j .
Case 1: Assume that −1 is not of the form
−1=
2k−1∑
=0
pd
l for some p0, . . . , p2k−1 ∈
∑
(Q(d))2
k l . (3.2)
Consider the assertions
there existfj,0, . . . , fj,2k−1 ∈
∑
(Q(d))2
k l such that
(1+ d)2j l = fj,0 + fj,1dl + · · · + fj,2k−1d(2k−1)l
(Aj )
for j = 0, . . . , k − 1. We will prove that Ak−1 holds and that Aj+1 ⇒ Aj for every
j = k − 2, . . . , 0. Note that A0 implies the proposition.
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(Ak−1) Because −1 ∈ Pk−1, we have −1= f0 − (1+ d)2k−1lf1 and since −1 is not of
the form (3.2), we have f1 = 0. Thus,
(1+ d)2k−1l = 1+ f0
(f1)
2k l
(f1)
2k l−1,
which gets the desired form after expanding (f1)2
k l−1 = (∑2k−1=0 p1,dl)2k l−1.(Aj+1 ⇒ Aj ) Assume that the assertion Aj+1 holds. Then, −1 ∈ Pj implies that
−1= −
2k−j−1∑
=1, odd
f(1+ d)2j l +
2k−j−1∑
=0, even
f(1+ d)2j l
= − (1+ d)2j l
2k−j−1−1∑
=0
f2+1(1+ d)2j+1l +
2k−j−1−1∑
=0
f2(1+ d)2j+1l.
ByAj+1 we can replace (1+d)2j+1l by∑2k−1=0 fj,dl, where fj+1, ∈∑(Q(d))2k l . Ex-
panding,weget−1=(∑2k−1=0 qdl)−(1+d)2j l(∑2k−1=0 rdl),whereq, r ∈∑(Q(d))2k l .
Because −1 is not of the form (3.2), we have∑2k−1=0 rdl = 0, therefore
(1+ d)2j l =
1+∑2k−1=0 qdl
(
∑2k−1
=0 rdl)
2k l

2k−1∑
=0
rd
l


2k l−1
,
which gets the desired form after expanding (
∑2k−1
=0 rd
l)2
k l−1
. Hence, Aj holds.
Case 2: Now let −1=∑2k−1=0 pdl for some p0, . . . , p2k−1 ∈∑(Q(d))2k l . We use the
identity
m!X =
m−1∑
h=0
(−1)m−1−h
(
m− 1
h
)
((X + h)m − hm) (3.3)
from [7]. Identity (3.4) implies that every element ofQ(d) is a difference of two elements
from
∑
(Q(d))2
k l
, in particular (1 + d)l = q1 − q2, where q1, q2 ∈ ∑(Q(d))2k l . Now
−1=∑2k−1=0 pdl implies that (1+ d)l = q1 +∑2k−1=0 pq2dl as desired. 
4. Construction of f
From now on letD denote a skew ﬁeld andD× its group of units. Let
∏
n(D
×) denote the
subgroup ofD× generated by nth powers andmultiplicative commutators and let
∑
n(D) :={∑mi=1pi |m ∈ N, pi ∈ ∏n(D×)}. We shall write simply∑n when there is no possibility
of confusion. Proposition 3.1 and Lemma 2.1 imply the following
Corollary 4.1. For every odd number l, every number n= 2k, k1 and every d ∈ D there
exist g0, . . . , gn−1 ∈∑anli=1Q(d)nl such that (1+ d)l = g0 + g1dl + · · · + gn−1d(n−1)l .
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Form Corollary 4.1, we obtain:
Lemma 4.2. For every odd number l and every n = 2k, k1 there exists a number anl
such that for every skew-ﬁeld D, every s, t ∈ D and every i = 0, . . . , n − 1 there exist
elements ui,0, . . . , ui,n−1 ∈ ∑anl=1∏nl(D) such that (s + t)il = ui,0sil + ui,1s(i−1)l t l +
· · · + ui,i−1sl t (i−1)l + ui,i t il + ui,i+1s(n−1)l t (i+1)l + · · · + ui,n−1s(i+1)l t (n−1)l .
Proof. There exists a commutator c such that (s + t)il = c(1+ ts−1)ilsil . From Corollary
4.1 it follows that there exist a number anl ∈ N and g1, . . . , gn−1 ∈ ∑anl1 Q(ts−1)nl such
that
(1+ ts−1)l = g0 + g1(ts−1)l + · · · + gn−1(ts−1)(n−1)l .
Hence, for all i = 0, . . . , n− 1
(1+ ts−1)il = gi,0 + gi,1(ts−1)l + · · · + gi,n−1(ts−1)(n−1)l ,
where all gi,j ∈∑anli=1Q(ts−1)nl . There exist commutators c, c0, . . . , c2k−1 such that
(s + t)il = cgi,0sil + cgi,1(ts−1)lsil + · · · + cgi,n−1(ts−1)(n−1)lsil
= (cgi,0c0)sil + (cgi,1c1)s(i−1)l t l + · · · + (cgi,n−1cn−1s−nl)s(i+1)l t (n−1)l
= ui,0sil + ui,1s(i−1)l t l + · · · + ui,i−1sl t (i−1)l
+ ui,i t il + ui,i+1s(n−1)l t (i+1)l + · · · + ui,n−1s(i+1)l t (n−1)l .
Note that ui,0, . . . , ui,2k−1 ∈
∑anl
=1
∏
nl(D). 
Corollary 4.3 can be considered as a noncommutative analogue of Hilbert identities.
Corollary 4.3. Let s1, . . . , st ∈ ∏2k (D×) and let l be an arbitrary odd number. Then
(s1 + · · · + st )l ∈∑2k l(D).
Theorem 4.4. For every number n = 2k, k1 and every odd number l, psnl(D)
(nanl)
2psn(D)
.
Proof. Let t=psn(D). There exist p1, . . . , pt ∈
∏
n(D) such that−1=p1+· · ·+pt . Pick
a number r such that 2r−1< t2r and write pt+1=· · ·=p2r =0. For every i=0, . . . , n−1
write fi,r for the smallest number such that (s1 + · · · + s2r )il ∈ ∑fi,rj=1∏nl(D) for every
s1, . . . , s2r ∈ ∏n(D). Note that f0,r = 1 for every r. From Lemma 4.2, it follows that
fi,ran,l(fi,r−1f0,r−1+ fi−1,r−1f1,r−1+ · · ·+ f0,r−1fi,r−1+ fn−1,r−1fi+1,r−1+ · · ·+
fi+1,r−1fn−1,r−1). Writing Fr := maxifi,r we get F0 = 1 and FrnanlF 2r−1. It follows
that psnl(D)Fr(nan,l)2
r−1(nanl)2psn(D). 
Therefore f (t, k, l) := (2ka2k l)2t is the desired function. If there exists a d ∈ D, such that
Q(d) is not formally real, then psnl(D)snl(Q(d))u(s2(Q(d)), nl)u(4, nl) where u
is the Joly’s function.
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5. Ore domains
Let R be an Ore domain (see [6]) and ∏n(R) the set of all permuted products of nth
powers of elements from R. If
∑
(
∏
n(R)) ∩−
∑
(
∏
n(R))= {0}, then write psn(R)=∞.
Otherwise write
psn(R)=min
{
t
∣∣∣∣∣ ∃p0, . . . , pt ∈
∏
n
(R)\{0} : 0= p0 + · · · + pt
}
.
Let
∏
n(R) := {x ∈ R|x
∏
n(R) ∩
∏
n(R) = 0} be the division closure of
∏
n(R).
From [4], we know that ∏n(R) ·∏n(R) ⊆ ∏n(R) and ∏n(D) =∏n(R)(∏n(R))−1 =
(
∏
n(R))
−1∏
n(R).
Theorem 5.1. If R is anOredomainandD is its skewﬁeld of fractions, thenpsn(R)=psn(D)
for every integer n.
Proof. If psn(R)<∞, then clearly psn(D)psn(R)<∞.
If psn(D)<∞, then there exist nonzerop0, . . . , pk ∈
∏
n(D) such that 0=p0+· · ·+pk .
Replacing
∏
n(D)with
∏
n(R)(
∏
n(R))
−1 and clearing denominators, we may assume that
p0, . . . , pk ∈∏n(R). Hence psn(R)psn(D)<∞. 
Theorem 5.1 implies that Theorem 4.4 holds if D is an Ore domain.
6. Open problems
(1) Is Theorem 4.4 true for non-Ore domains?
(2) Can f (t, k, l) be polynomial in t?
(3) Is Corollary 4.3 true for even l?
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